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Abstract We investigated protocol designs for gene mapping 
in livestock. The optimization of the population structure was 
based on the empirical variance of the recombination rate 
estimator. We concluded that a mixture of half-sib and full-sib 
families is preferred to half-sib families; a knowledge of pa- 
rental phases does not improve the quality of the estimation 
for typical livestock families with five offspring or more; and 
measurements of the genotype of the mates in half-sib families 
are not useful. Graphs and algebraic approximations for the 
practical choice of family size and structure are given. 
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introduction 

Evidence of polymorphisms at the DNA level has greatly 
stimulated interest in building genetic maps for livestock. 
Among the possible applications of these maps the most 
significant one is the detection of QT L  (quantitative trait loci). 
While this idea is not new (Neimann-Sorensen and Robertson 
1961), it has been recently developed, in particular by Soller 
and Genezi (1978), Weller et al. (1990) and Knot t  and Haley 
(1992). 

While not valid for the human species, gene mapping of 
livestock may be done using experimental populations such 
that both the number of animals to be measured and the 
required population structure may be chosen. In practice, the 
experimental population will consist of a set of sire families, 
and its structure will be optimized by choosing the numbers of 
sires, dams/sire and progeny/dam. More precisely, the follow- 
ing questions will have to be answered: 

1) Should the families be half sib or full sib (with possibly 
more than one mate per sire)? 
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2) Is it necessary to measure the grandparents? 
3) In the case of half-sib families, is it necessary to measure 

the genotypes of the dams? 

In this paper, we attempt to address these questions. The 
precision of the recombination rate estimator was the primary 
criterion used for a comparison of possible population struc- 
tures. 

Cases studied 

Experimental designs compared 

The population is a collection of F sire families, with D dams 
per sire and P progeny per dam. Two extreme cases should be 
noted: 

1) The nuclear family case where D --- 1 
2) The half-sib family case where P = 1. This is the most 

frequent situation in cattle, as full sibs are mainly ob- 
tained by embryo transfer techniques. 

Two parameters characterize the experimental designs: 

1) The total number of measured individuals M being 
M = F + F D + F D P  if the dams are measured, and 
M = F + FDP if the dams are not measured. 'This num- 
ber M is directly linked to the laboratory cost of map- 
ping. The protocol designs will thus be compared for a 
given M. Note that the costs of measuring the F sires are 
negligible compared to the total costs and that the 
extreme situation where neither the dams nor the sires 
are measured has little practical interest. 

2) The total number of progeny N = FDP, which is more or 
less linked to the precision of the recombination rate 
estimator r. 

It must be emphasized that the general structure we con- 
sider is a mixture of half-sib and full-sib families, with each sire 
mated to more than one dam, each giving more than one 
progeny. 
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Marke r s  s tudied 

Loci  with 2 or  6 isofrequent  alleles or  with uni formly distrib- 

u ted frequencies were considered.  The  r ecombina t i on  rates 
between markers  were ei ther g iven the values 5%, 10%, 15% 

or  20 % or  were r andomly  chosen f rom a uniformly dis t r ibuted 
frequency.  

Methods for the choice of a family structure 

The family structures will be compared here using the variance var(?) of 
the maximum likelihood estimation r ~ of the recombination rate r between 
two loci. In the very special backcross case, this variance is r(1 - r)/N. For 
any precision var(?), and thus for any size N of the theoretical backcross 
design, the cost of the practical design, which is proportional to M, may be 
minimized giving the optimal practical design. 

Notations 

The data are the marker genotypes of progeny (G~.k) of their sire (Gi) and 
�9 . 3 ~ ' ' In some cases, of their dam (G j). Alleles are always assumed to be 
codominant. The genotype G of a'~ individual is given by the list of allele 
pairs at the first, A (a 1, a2) and second, B (b 1, b2), locus, respectively. 

The likelihood of a progeny genotype depends on the phases of the 
parents. We thus distinguish from the genotype G = (a 1 a 2 b~ b 2 )  of an 
individual, its haplotype combination H, which is either [a 1 b~/a 2 b2] or 
~alb2/a2bl].  

Likelihood expression 

The population likelihood L(r) is given by: 

g(r)= ~,r(Hi/al) I~ ~ r(Hij/Gij) l~ r(aijk/Hi, Hij) (1 )  

i = 1  Hi j -  I Hzj k -  i 

We are here interested in progeny observation (G~jI~) likelihood given 
the parent observations, which are either their genotypes (Gi, Giy ) or, when 
the phases are known from the ancestors, their haplotype combinations 
(H i, Hu). In the latter case, likelihood L(r) is simply: 

L(r)= I~ 1~ h P(GI~k/HI, H~;) (2) 
i-lj=lk-I 

The probabilities of haplotype Combinations P(H/G) (omitting tem- 
porarily indices i and j) are given the values 1/2 or 0 when the unordered 
list of H alleles is either identical or not identical to the list of G alMes. The 
way the progeny genotype probabilities P(Guk/H~, Hij ) are calculated may 
be found in Ott (1991). 

Comparison methods 

The variance of the recombination rate estimator ? was obtained using 
simulations. Each case studied was defined by the population structure 
(F,D,P),  the measurements (dams may be measured or not, and grand- 
parents may or may not be measured in order to get the parent phases) 
and marker characteristics (true recombination rate r, allele number and 
frequency). Each case was repeated 500 times, and the variance of the 
recombination rate estimator var(?) was estimated by the variance of the 
empirical distribution of P. 

Another criterion for the protocol design comparison was the prob- 
ability that the markers were correctly ranked on the genome. This 
probability was estimated for the three-locus case, with either 6, 6 and 2 or 

6, 2 and 6 isofrequent alleles. Here, the recombination rates were 
randomly chosen in a uniform distribution between 0.1 and 0.3, given the 
constraint that r12 + r23 - -  2r~2 r23 was less than 50%. 

For each simulation, the maximum likelihood rates r~ 2 and r23 were 
obtained assuming that the parental phases were known, either with a 
2-point analysis, repeated three times for the three possible pairs of 
markers (in which only markers on each side of the interval are taken into 
account) or with a 3-point analysis (where the two rates r~2 and r23 are 
simultaneously estimated by maximizing the likelihood of the three- 
marker's genotypes). 

Results 

C o m p a r i s o n  of  the s tructures after the r ecombina t ion  
rate es t imator  var iance  

F igure  1 shows the marke r  type effect on var(~) for two 
popu la t ion  sizes with ten sires ma ted  to a variable but  entire 
n u m b e r  of dams, each dam giving ten progeny.  As expected, 
the var iance  increased with the r ecombina t ion  rate and when 
the number  of alleles per  locus decreased. Results  concerning 

two loci with 2 and 6 alleles, respectively, were the mean  and 
were p robab ly  the mos t  f requent  si tuation.  Subsequently,  we 
only present  this case with a 20% recombina t ion  rate; the 
o ther  s i tuat ions s tudied gave similar  results. 

D o  we need full-sib or  half-sib families? 

Table  1 gives the s tandard  devia t ion  of ~ dis t r ibut ion for 
different values of M (number  of  measurements) ,  F (number  of 
sires) and P (number  of  progeny per dam). It  is quite clear that  
(1) strict half-sib families are m u c h  less informat ive  than a 
mixture  of  half- and full-sib families - thereafter  called "full- 

sib families" - (and have  a s tandard  devia t ion  x / v a r ( ~ )  twice 
as high); and (2) concern ing  full-sib families, the ~ var iance  is 
no t  very sensitive to the family s t ructure  defined by F, D and 

POt should  be no ted  that  it is best to measure  a small  number  
of large families). 
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Table 1 Effect of the family structure on the precision ~ of the recombination rate estimator (M Number of measurements, F number of sires, 
P number of progeny per dam) 

M F P M F P 

1 5 t0 15 1 5 10 i5 

5 4.87 2.56 2.41 2.34 5 2.94 1.51 1.34 1.39 
1 O0 a 20 10 7 300 60 30 20 

500 10 5.30 2.58 2.47 2.41 1500 10 2.88 1.47 1.29 1.34 
50 10 5 3 150 30 15 10 

20 5.06 2.62 2.54 2.74 20 2.77 1.45 1.40 1.38 
25 5 3 1 75 15 7 5 

5 3.43 1.73 1.78 1.97 5 2.51 1.43 1.27 1.34 
200 40 20 13 400 80 40 27 

1000 10 3.67 1.69 1.69 1.52 2000 10 2.69 1.33 1.22 t.28 
100 20 I0 7 200 40 20 13 

20 3.51 1.80 1.79 1.72 20 2.26 1.25 1.14 1.18 
50 10 5 3 100 20 i0 7 

a The number of dams is given in italics for each combination 

Table 2 Effect of the family structure on the probability of a correct 
ranking of three loci linked according to the locus polymorphisms and 
classification criteria (FS Full-sib family, I-IS half-sib family) 

6, 6 and 2 alleles 

Analysis Type of family 

8 FS 19 HS 29 HS 34 HS 39 HS 

Two-point 0.981 0.947 0 .9735 0 . 9 8 6  0.9875 
Three-point 0.992 0 .9675 0 . 9 8 5  0 .9945 0.997 

6, 2 and 6 alleles 

Analysis Type of family 

8 FS 19 HS 29 HS 34 HS 39 HS 

Two-point 0.983 0.9835 0.99 
Three-point 0.9945 0.9855 0.994 

These results are part ly due to our constraint  of a fixed 
number  of measurements M. Indeed, variance of ? was ap- 
proximately  inversely propor t iona l  to the number  of meas- 
ured progeny, which was close to M ( P / P  + 1) with M ~ F D  

(1 + P). Compared  to an infinitely large full-sib family, vari- 
ance of ? increased by a factor of 2 for a half-sib family, this 
factor decreasing rapidly towards 1 when P increased (1.2, 1.1 
and 1.07 with P = 5, 10 and 15 progeny per dam). Another  
explanat ion of ~ variance in relation to the type of family is 
that  with full-sib families, dam meiosis is usable for est imation 
of the recombinat ion rate. This possibili ty would increase the 
amount  of available information by about  50% (Ott 1991). 

These results are confirmed by the probabi l i ty  of a correct 
ordering for three loci. We looked for the equivalence between 
a design with M = 300 individuals in a popula t ion  of 30 
full-sib families of size 8 and a half-sib protocol  giving the same 
ranking probabil i ty.  The results are given in Table 2 for the 
2-allele configurations and two ranking criteria. Three times 

more measurements were needed in the half-sib protocol  than 
in the full-sib protocol.  

Is it useful to know the parental  phases? 

The way in which the precision of the recombinat ion rate 
es t imator  increased when the parental  phases were known a 
prior i  is i l lustrated in Fig. 2 for a popula t ion  of about  
M = 1000 (the total  number  of dam D is adjusted to give the 
total  number  M closest to 1000) and various levels for F and P. 
The increase was large for half-sib families, but negligible for 
full-sib families. Thus, measurement of grandparent  genotypes 
seems to be useless for this type of structure, part ly because the 
phase of the parents cannot  always be deduced from these 
observations. 

Is it useful to measure the genotype of the dam 
for half-sib families? 

In these families there are as many dams as there are progeny. 
Thus, avoiding dam measurements increases by a factor of 2 
the number  of progeny observed. Another  argument  against 
dam measurements is that  unless the grandparents  are meas- 
ured (and this is very expensive), the phases of the darns cannot  
be ascertained and the dams'  meioses cannot  be used for 
l inkage estimation. 

The effect of dam genotype measurement  on the precision 
of the recombinat ion rate est imator  is given in Fig. 3 in a 
design with ten sires. When the loci were highly polymorphic  
(with 6 alleles for each locus) the dam genotype should not  be 
measured, the sire gamete being mostly identified from 
progeny genotypes. When there were only 2 alleles at each 
locus, it was better to measure the dam genotype as this 
information greatly increased the number  of progeny for 
which the origin of the genes is known. On the whole, however, 
there were only small differences between the two options. 
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6 alleles, r = 0.20 

where f is the recombination rate estimation based on a 
nuclear family: 

, ,_V~ZlogL(r),.~ 
"a"(~l%)~-llL L ~ I~,;J 

, , , [ - [ 0  log L(r)~2, ~ ] 

= llI~m (4) 

The amount of information is (e.g. Green 1981, appendix 3) 

I~ .=v\z . .  0r ] 
( 5 )  

'~ ~j Prob (~ij/.~ij) 

Since the dam's phase is unknown, we get: 

Approximation of the variance of the recombination 
rate estimator Prob(~ij/  (qij ) = ~ Prob (Hij = h / Gij ) Prob (~ij/  Hi, H u = h)(6) 

h 

The previous results were obtained using simulations, with 
probably a small accuracy in spite of intensive computations. 
In order to generalize the results and to offer a rapid computa- 
tion technique, we tested an approximation method. It is 
based on the observation of the very limited effect of knowl- 
edge of parental phases on the accuracy of the recombination 
rate estimation. We suggest to assume that the sire phase is 
known and to approach the ? variance by the sample amount  
of information. In practice, let ~ij = {H~, Gu} be the vector of 
the genotype of parents ij, and Du, the vector of the genotypes 
of their progeny. Then, the variance of F will be: 

1 1 
var(?) ~ ~ v a r ( f )  = ~ p ( N i j ) v a r ( f / N u )  (3) 

flu 

The summation in h concerns only double heterozygous 
dams. We assumed linkage equilibrium, thereby fixing 
Prob (Hij = h /Gu)=  1/2 for the two possible haplotype com- 
binations H u. 

The genotypes of the progeny with an equal probability 
may be pooled in classes following the Ott  approach (1991, pp 
90-91). The probability of the genotypes of the progeny given 
the parental haplotypes' combination is given by: 

c 1 D! Prob(~@ij/Hi, Hij = h)= [ I  p~C "-~.,!...Dc[ 
k c = I  / 1 '  

(7) 

where h is the haplotype combination of the dam, c is the index 
of a genotype class with identical probability (c = 1 . . . . .  C), 



Table  3 C o m p o n e n t s  needed  for a p p r o x i m a t i o n  of the r ecombina t ion  
rate e s t ima tor  var iance  (~fq Pa ren t s '  genotype ,  H~ sire hap lo type  combi-  
nat ion,  nl(n2) n u m b e r  of alleles at  the first (second) locus, GIj dana 
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genotype ,  C n u m b e r  of classes of p rogeny  genotype,  h lphas i s  of the dam,  
t" r ecombina t ion  rate. Alleles differing by their indices (a' 1 and  a'~) or  quotes  
(a' 1 and  a'l' ) are different. Alleles wi thout  quotes  are indifferent) 

Pa ren t s '  geno type  Nij prob(g~ij)//4(nl - 1)(n2 - 1) -775 h 
/~ 1 t"/2 

H i  G i j  

Class  probabi l i ty  (Phi, C = 1 , . . . ,  C) 

Phl  Ph2 Ph3 Ph4 Ph5 Ph6 

nl(n 1 - 1 )  nz(n 2 - 1 )  
[a'~b'~/azb'z3 (a'~b'~a'zbj) - -  4 2 

[aib'~/a'2b'z] (a',b'~a'2b2) 1 

2 2 

n2rq(n l - 1 ) + n l n 2 ( n  2 - 1 )  
[a'tb'~/a'~b'2~ (a';b';a2b2) 1 

4 

n2nl (n 1 - l) + nl n2(n2 - 1) 
[a'j b'~/a'~ b'2] (a~ b';aa b2) 1 

4 
n2 + nl 

[a~ b'~/a~ b'z] (a';b'~ a262) 
2 

n 2 47 n 1 

2 
H2D 1 

[a 1 b , /a  1 b, ] (a'~b'fa'~bTz) 
4 

FI2tl  1 
[-a'~b'~/a'2b'z7 (a~b~a~b~) 

4 

1 

2 

1 

2 

1 

2 

1 

2 

1 

1 

2 

1 

1 

2 

1 

(1  - -  r) 2 r(1 - -  1") r ( 1  - -  r)  1-2 

r(1 - - r )  (1 - -  1") 2 1,2 '" r(1 r) 
(1  - -  r) 2 r(1 - -  r )  r 2 + (1  - 1") 2 r ( l  - r)  

r(1 - r) 
2 2 2 2 

r(1 -- r) (1 -- r) 2 t ,2 + (l -- r) 2 r 2 
r(1 - r )  

2 2 2 2- 
(1 - r) 2 r e + (1 - t") 2 r 2 

2r(1 - r) 
2 2 2 

r(1 - r) I"(1 - r) 
r 2 + ( l - r )  ~ r ( 1 - r )  

2 2 

1 - - r  

t" 

1--I" 

1 - - r  

2 
/" 

2 
1 - - r  

2 

l - - l "  

/- 

F 

1 - - r  

F 

F 

1 - - r  

2 
l" 

t" 

1- - r  

1 r r 

y2 

2 
r(l - r )  

2 

D c is the number  of observed progeny in this genotype class 
(E~D c = D) and Phc is the probabi l i ty  of this genotype class, 
given the haplotype combinat ion  h as a function of the recom- 
binat ion rate r. 

The first derivat ion follows: 

8 Prob (~i;/Nia) = 1_( E Prob (Hi; = h/Gij) 
& 2 \  h 

C 

(8) 

with qhc = (6qPlJ63r)/Phc �9 
All information required for the computa t ion  of var(~) 

when the alleles are equiprobable  is given in Table 3. The nine 
different subparts  of the table describe all the informative 
combinat ions of parental  genotypes Nij. The (Y~ summation in 
Eq. 3 will thus include nine differents parts. The list of classes is 
not  given explicitly in Table 3 but  can be found easily from the 
corresponding probabi l i ty  Phc" F o r  instance, in [a '  1 b'l/a' 2 b'2] 
x (a 1 b'~a 1 b~) matings, eight progeny types are possible, given 

two classes: non-recombinant ,  with Phc = 1 -- r: (a 1 b' 1 a 1 b'~), 
(a 1 b' 1 a 1 b "  . . . . . . . . .  2), ta2b2al bl), (a2b2ax b2), and recombinant,  with 

t! i tt i tt ! tt 
Ph~ = r: (a lb '2alb l ) , (a lb2alb2) , (a2bla lbO,(a2bla tb2) .  

The variance of the recombinat ion rate was calcu]Lated with 
our approximat ion  method and by simulations (10000 
samples per case) for a populat ion with F = 20 sire families 
each with D dams and with P = 1, 2 . . . . .  10 progeny per dam, 
the number  D being adjusted to a maximum total  number  of 
measurements M = 500. Two recombinat ion rates 5% and 
20% were considered for two loci with 2 and 6 iso-frequent 
alleles. Figure 4 shows the similarity of the two estimations of 
variance, which were only significantly different for half-sib 
families (P = 1) with a 20% recombinat ion rate. It must  be 
noted that  the fluctuations shown in the figure were derived 
from the variat ion of the total  number  of measurements M due 
to the adjustment of D to a whole number. 

As an example, Fig. 5 gives the s tandard  error of the 
recombinat ion rate for families of 2 20 progeny per dam with 
a rate r ranging from 5% to 20%. The s tandard  error for a 
popula t ion  of F sires with D dams can be obtained by dividing 

the result by x / ~ .  

D i s c u s s i o n  - c o n c l u s i o n  

We found that  the popula t ion  is opt imumly structured as sire 
families with subsets of "full-sib families" and that  measuring 
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Fig. 5 Approximate standard deviation of the recombination rate es- 
timator: 2 and 6 alleles 

the phenotypes of the grandparents is not necessary for sibship 
of about  five offspring or more. The approximate formulae for 
recombination rate variance estimator we gave allows a rapid 
comparison of possible structures. 

The criteria chosen (recombination rate variance es- 
timator) is questionable. The quality of a design should be 
measured in relation to our objective of building the genetic 
map. Different purposes may be assigned (localization and 
identification of major genes, tools for keeping genetic varia- 
bility or for introgression). As mentioned in the introduction, 
the detection of QTLs is probably the most important.  With 
respect to this objective, the optimal size N of the reference 
population used for the building of the genetic map may be 
estimated in a simple backcross situation�9 In practice, for 
livestock populations, a design of similar value will have to be 
based on a larger number  of animals. We suggest using the 
variance of the recombination rate estimate as an equivalence 
criteria�9 Thus, an optimal backcross population of 100 

progeny gives a variance of x/0.2 x 0.8/100 = 4% for a linkage 
at a 20% recombination rate. Using our approximate for- 
mulae for recombination rate variance from Fig. 5, we could 
propose as an optimal design a population of F = 5 sire 
families, with D = 5 dams/sire and P =  6 progeny/dam 
( N =  150 and M =  180) or a population of F =  8, D = 5 ,  
P -- 4(N = 160,M = 208). 
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